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Abstract 



Q_i! A unified and systematic scheme for construction of differential operator realization of 



any irreducible representation of sl(n) is developed. The g-analogue of this unified scheme 
is used to construct g-difference operator realization of any irreducible representation of 
U q (sl(n)). Explicit results for U q (sl(2)), U q (sl(3)) and U q (sl(n)) are given. 
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1 Introduction 



Differential operator realization of Lie algebras are well-known [I]] and useful in discussing 
physical systems, both in Quantum Mechanics |2| and Field Theory 0]. There is a well-known 
correspondence [3,4] between differential operator realization of Lie algebras[l,3] and free field 
representation [5-9] of Kac-Moody algebras[10-ll]. A natural question is whether such a cor- 
respondence exists in the case of the deformed algebras too. More precisely, one may ask if 
there is any relation between free field representation[13-18] of quantum affaine Kac-Moody 
algebras(e.g. U q (sl(n))) [19-22] and g-difference operator realization of quantum algebras(e.g. 
U q {sl{n)))[23-25). 

To address this problem, the first step would be to find a g-difference operator realization 



of U q (sl(n)). There has been an attempt for such a realization in ref.|26|, but it is limited 
to symmetric representations of U q (sl(3)) []. Our aim in this letter is to present, in a unified 
scheme, a g-difference operator realization of U q (sl(n)). One of the new features of this scheme 
is that, one is able to construct such a realization, not only for symmetric representations but 
for any irreducible representations. 

The structure of this letter is as follows: In section 2, we will reproduce the differential 
realization of s/(2), sl(3) and sl(n), for any irreducible representation, by a unified scheme. 
In section 3, we will go through U q (sl(2)) as a simple example and U q (sl(3)) as a non-trivial 
example and finally we will present the g-difference operator realization of U q (sl(n)), for any 
irreducible representations. 



2 Differential operator realization of sl(n 

The simple case of sl(2) will be considered first in order to explain the procedure. The well- 
known sl(2) finite-dimensional representations with one complex variable will be recovered by 
a systematic method. Then we shall take s/(3) as a second example of this procedure and next 
we will generalize them for sl(n). 

2.1 sl(2) realization 

There are two ways to construct the differential operator representations of sl(2). The 
first method is to start from the fundamental representation and by tensor multiplying these 
fundamental irreducible representation, construct one (two) variable(s) differential operator(s) 
realization of higher dimensional representations, which can be found in and |26]. In this 



method one can find realizations of only the symmetric representation. Here we proceed along 
a different line in order to find such realizations for all kinds of representations (note that this 
difference, doesn't show itself, for sl(2).). However, the systematic and generalizable method is 



3 In ref . pq| , higher dimensional representations have been constructed by taking tensor products of fun- 
damental representations and the coproduct to define the action of the generators on the basis vectors of the 
algebra. Then g-difference operator realization of U q (sl(3)) are constructed. By this method only symmetric 
irreducible representation can be obtained. Due to its complexity, is not generalizable to higher rank algebras. 
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the second one, which we will now describe. Let X^ and H be the Chevalley basis generators 
of sl(2) with commutation relations 

[X + , X~] = H [H, X*] = ±2X ± (1) 

and let fi be any arbitrary highest weight, 

X + \^l>=0, H\n>=2n\n>. (2) 

Now consider the states 

e zX ~\n> (3) 

in the representation space, where z is a complex variable. The basis vectors of this vector 
space are >, X~\fj, >, (X~) 2 ^\/j, >. 

By the action of X~ , X + and H on (3) and using the above commutation relations we will 
have: 

X~e zX ~\n >= d z e zX ~\fi > 
X + e zX ~\/i >= (2zfi- z 2 d z )e zX ~\/i > (4) 
He zX ~ \fi >= (2/2 - 2zd z )e zX ~ |/x >; 

let define 

J + = d z (5) 

J- = 2z[i - z 2 d z (6) 

H = 2/i- 2zd z (7) 

where d z = J^. One can consider this, as the representation of si (2) on the sub-space of 
analytic functions spanned by the monomials, {1, z, z 2 , z 2 ^}. We will find that this new 
operator representation will satisfy the algebra of (1). The above realization is a one-complex 
variable differential operator representation of sl(2), when z e (D. To see the complications 
involved in the general case, we will take sl(3) as a second example. 

2.2 sl(3) realization 

In this case the states in the representation space will be: 

e x 1 x- e x 12 x- 2e x 2 x-^ > ^ 

where the generators X~ (i = 1,2) correspond to the simple roots a\ X{ 2 is the generator 
corresponds to the non-simple root 

olyi = a 1 + a 2 

and xi, X2 and x i2 are the complex variables. In this type of ordering the factor corresponding 
to the descendents of two roots lies between them. The defining relations for sl(3) are as 
follows: 

[X?,X±]=±X± (9) 
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[X?,X±] = (10) 

[X?,XT]=5 iJ H j , i,3 = l,2 (11) 

[H i ,Xf\ = ±a ij H i (12) 

[H i ,X±] = ±X± (13) 

[H u H 2 ] = (14) 
where (a)ij is the Cartan matrix. The highest weight \i is defined such that: 

X+ \n>=0, H i \/j>=2a i -ii\iJ>, (15) 

where 2a l ■ /x is the Dynkin index(i.e. \^-^ = m % ) of the representation, and where we have 
normalized the roots to a' 1 ■ a % = 1. By considering the action of generators (X ± , H) on the 
states given by (8), we find the following differential operators realization for any irreducible 
representation with: 

= 9 n (16) 
J~i = -x\d Xl + x 1 (x 2 d X2 - x 12 d Xl2 + 2a 1 ■ /1) - x 12 d X2 (17) 

= d X2 + xid Xl2 (18) 
J~ 2 = -x\d X2 + x 12 d xi + 2a 2 ■ /ix 2 (19) 

= d ™ (2°) 

J a 12 = - x i2®x w - xx{x 12 d xx - x 2 d X2 + 2a 2 ■ (xx 2 ) - x 2 x 12 d X2 + 2a l2 ■ fix 12 (21) 

H 1 = -2x x d xx + x 2 d X2 - x 12 d xi2 + 2a 1 ■ n (22) 

H 2 = xxd Xl - 2x 2 d X2 - x 12 d Xl2 + 2a 2 ■ fi (23) 

in agreement with ref.[2]. It is clear that all of the algebra elements can be constructed by J^i 
and J^ 2 . 

The above construction is complete for any representation, with Dynkin indices (m, n) 

m n 

o o 

such that m, n 7^ 0. For any asymmetric representations (m = 0), and symmetric representa- 
tion (n = 0), the realization must be slightly revised as follows: 

For asymmetric (0, n) representations, states in the representation space will be: 



3 ^12^i 9 a X2X 2 



\p > (24) 



since Xf \ /1 >= and X 2 | /-t >= 0. After repeating the same procedure as in (m,n) case one 
finds: 

J«i = ~x 2 d Xl2 (25) 
J~i = ~x\ 2 d X2 (26) 
= d X2 (27) 
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J a? = ~ x ldx 2 + x 2 {-x 12 8 Xl2 + 2a 2 • fi) (28) 

Hi = x 2 d X2 - x 12 d Xl2 (29) 

H 2 = -2x 2 d X2 - x 12 d Xl2 + 2a 2 . [i. (30) 
For symmetric representations (m, 0), states in representation space will be: 

e xlX i e xl2X ^\n > (31) 

and the generators are foud to be: 

= 3.1 (32) 

J~i = -x\d Xl + xi(-x 12 d Xl2 + 2a 1 ■ /i) (33) 

J% = xid Xl2 (34) 

J~2 = x 12 d xi (35) 

Hi = -2xid Xl - x 12 d xi2 + 2a l ■ fi (36) 

H 2 = xid Xl - x 12 d xi2 . (37) 

So, the minimum number of variables for (m,n), (0,n) and (m, 0) representations are 3, 2, 2 
respectively. Compairing expressions (25-30) and (32-37) with (16-23) one finds the following 
simple prescription for obtaining the differential realization for the special (m, 0) and (0, n) 
cases from the general (m, n) case. 

1- (m, 0) case: set X\ equal to zero and replace d Xl by — x 2 d xi2 . 

2- (0, n) case: set x 2 and d X2 equal to zero. 



2.3 sl(n) realization 

The Lie algebra sl(n) defined by the generators X ± and (i — 1, ...r — n — 1) and the 
following relations: 

[H+,H-\ =0 (38) 

[Xf,XT] = 5 iJ H i (39) 

[X?,Xr]=0, if a tJ = (40) 

[H i ,Xf\=±a ij Xf (41) 



with Serre relations: 



Y,(- l )X) q {Xt) k Xf{Xtr- k = 0, z^j (42) 



fc=0 



in order to construct differential realization of this algebra, take the following states as states 
in the representation space: 



r r 

^Xin X- ■ I 



n n z xk ' « \^ > (43) 
i=ij=i 
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where X^s are the generators correspond to the non-simple roots = a 1 + a t+1 + • • • + a? 
and X u = Xf corresponds to the simple roots a« 

By similar calculations as in previous cases we obtain the following realization for sl(n) 
with any arbitrary highest weight fi in the Chevalley basis: 



i-i 



J% = 9 Xi + E x i (44) 

i— 1 r r k r 

J ^ = E x ii d xi r-i -x t {- x t d Xi + J2 E E a ii x ikd Xjk - 2a l ■ //) - E x A+i s (45) 

3=1 j=i k=j l=j j=i+l 

r r k 

ff «' = ~EEE auXjkd X]k + 2a l ■ \i (46) 

3=1 k=j l=j 

where xa = X{. After straightforward, but lengthy calculation one finds that the above expres- 
sions satisfy the sl(n) algebra. 

For any representation, if the zth Dynkin index is zero(a* • fi = 0), we must set Xi equal to 
zero and replace d x , by 

r 

- E ■>■>■• A*. (47) 

j=i+l 

in the above expressions. In the case of several zero adjacent Dynkin indices (c^ ■ \x = a i+ i ■ n = 
■ ■ ■ = ctj ■ = 0), one must set all variables x mm > i < m < m' < j equal to zero and replace 
d x , by 

r 

~ E X rn'+lkd Xmk (48) 
k=m'+l 

For example, in case of fundamental representation where all Dynkin indices but first one are 
zero, we are left with n — 1 = r variables. 



3 U q (sl(n 

Let us first set the notations. Consider g-exponential functionf27j: 

(1 - q) n x n 



? x = V — 
' 9 ^ (1 



and the g-difference operator 



fiq^x) - /(*) 



(M* 1 - l)f(x) 



(g ±x - l)x (g ±x - l)x 
where M x is a translation operator, defined by M^f(x) = f(q a x). 



(49) 



(50) 
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3.1 U q (sl(2)) |28| and U q (sl(3)) realization 

Just as in the case of ordinary sl(2), we take the states 



in the representation space. The algebra relations are: 



[x\x- 



q H - q~ H 
q-q- 1 



[H, X±\ = ±2X 



± 



(51) 



(52) 



with the same procedure as of section 2.1 one will find the following (/-difference operator 
realization for any arbitrary highest weight representation: 



J + = D" 



J- 



1 



-z[M- 2 q^ 1 - q- 2 ») 



q-q 
H = -2zd z + 2/i 



(53) 

(54) 
(55) 



in agrement with |p6 | 



For U g (sl(3)) realization we take 



e x 1 X 1 e x 12 X 12e x 2 X 2 | ^ ^ 



(56) 



as the states in the representation space. This type of ordering is well-known in quantum 
algebra, and called "normal" in [29-30]. The algebra relations are: 



[Xf,X.] = 5 k 



q Hi — q H 



q-q- 



— = 8 iA H i 



[Xt,Xt] q ±i = q^ 2 X±X± - <[Mx£Xt = ±X 



[Xt, X±] = q^ 2 X±X± - q^Xf 2 Xf = 



(57) 



[H i ,X±}=±C£a il )Xf k 

1=3 

[H u H j \ = Q. 

Now by the action of Xf and Hi = 1,2) on the above states, we will have the following 
g-difference operator realization for U q (sl(3)): 



J a 1 ~ ^xi 



(5? 



6 



1 



q + 1 



1 



9-9' 



-(1 + M+ 1 )x 1 (M- 2 M- 1 2 M+ 1 9 2Ql ^ - M^M-^- 2 " 1 ^) 



?" 1/2 (1 + M£)x 12 M£q-^Dl 

A/2 



J « 2 ~ l + q 
1 

+ 



(59) 
(60) 



9 1/2 (1 + M^x^M^M-y^D^ 
T (l + M+^ 2 (M~y^ - q- 2a2 -») 



q-q 

Hi = -2x x d Xl - x 12 d Xl2 + x 2 d X2 + 2a 1 ■ fj, 
H 2 = xid Xl - x 12 d Xl2 - 2x 2 d X2 + 2a 2 ■ \x. 



(61) 

(62) 
(63) 



As before the above elements of the algebra will satisfy the corresponding algebra for any 
arbitrary representation with non-zero Dynkin indices. For asymmetric case where the first 
Dynkin index is zero, we should set X\ equal to zero and D+ must be replace by 
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1/2 



l + q Xl2 

in the algebra elements. The final result for asymmetric representations (0,n) are as follows: 
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1/2 



1 • q 

,3/2 



M- 1 2 (1 + M+> 2J D+ 



1 • q" 



m-'Ji + m^xuM-'d; 



(64) 

(65) 
(66) 



j; 



2a 2 -n _ ^-2a 2 -^ 



- + M£)x 12 M£M£(\ + M»)x 2 q^D 

) 

Hi = -x 12 d Xl2 + x 2 d X2 
H 2 = -x 12 d xi2 - 2x 2 d X2 + 2c? ■ /j, 



l + q 

+ J^-^ + ^MM-'q 



X12 



(67) 

(68) 
(69) 



Similarly, where the second Dynkin index is zero, we should set x 2 equal to zero, and replace 
D+ by zero. So, the final result for symmetric (m, 0) representations will be as follows: 



(70) 
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ft = TT-qV^ {1 + K^i(M-^M-^ - M^g-^V) (71) 

l/2 

J i = ^ (l + M- 1 )*^ (72) 



G l/2 

ft = ^Y M x~ l2 (l + < 12 )^i< (73) 

#1 = -2xid Xl - xi 2 9 Xl2 + 2a 1 • (74) 
if 2 = xi9 xi - xi 2 9 xi2 (75) 

3.2 U q (sl(n)) realization 

For the general case U q (sl(n)) we take the following states in representation space: 

nn ( 7e ) 
i=\j=i 

The algebra of U q (sl(n)) in the Chevalley basis can be summerized as follows [23-24]: 

=0 (77) 
[ff i ,X±] = ±a ij X± (78) 

[^^i=^ ^r g -"r ( 79 ) 

[X?,X?} = 0, if aij = (80) 

with Serre relations, 

t(-l) k (kUXt) k Xp(Xtr- k = 0, i# (81) 

fc=0 

with Ojj = 2< ^i'.2*) ' Cartan matrix, n = 1 — a^- and 



= [fc]g! [" . fc]gr H 9 ! = H> - [m] 9 = (82) 

By the same procedure, difference operator representation of algebra elements in Chevalley 
basis are as follows: 



V j=i k=j J 



1/2 i— 1 j i— 1 v^i 

j=i *;=i /=fc 
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j: 



1 + q 



<i i/2 ui+M^f[M~f--^ n p^'^'x,, 

j=l k=i m=j+ln=m 



+ — ^— r(i + m^ 1 )x 4 ( n n ^P- a v^ - M-f n n m£>' v*^ 



n 

j=i+l fc=j m=i+l n=m s=i+l 



-«r i/a z(i+M£)xvM£YiM£" aa n n^r- n m^^q-^^ 

(84) 



r r fc 

= - S XI X a n x jkd Xjk +2a l ■ fx (85) 
i=i fc=j «=j 

with i — 1, ...r, r — n — 1 rank of the group, and M Xi0 = 1. 

For the representation with some zero Dynkin indices as stated before we must set corre- 
sponding variables to zero and corresponding difference opreator should be replaced as follows: 



1/2 r j m' i-1 

^w--r^r e n n n V+M^ /+i > m , +1 ^ 

y ^ x i=m'+l j=m'+l k=m+l l=m'+l 

(86) 

where a; mrn ' corresponds to a mm ' = a m +a m+1 -\ Ya m 1 + a m G S + and a m -fi, a m -/i = 0. 

Note that for any fundamental representation the number of variables is n — 1 = r. 

In the limit of q — > 1 all the relations for U q (sl(n)) will go to the ordinary sZ(n). To be 
more specific, when q — > 1 

"4 ^ ^ (87) 

and 

- 1 (88) 

equations (83-85) will be exactly the same as the equations (44-46). 

We have explicitly checked that the generators defined in eq. (83-85) satify the algebra 
given in (77-81) for n up to 6. We have checked the following relations: 

[J^J-J-^z-Mi-^) (89) 

J±] = ±2 J± (90) 

[^W^] = (91) 

are satisfied for all n. 
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